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Abstract
A heterogeneous Cauchy elastic material may display micromechanical effects that can be modeled in a homogeneous
equivalent material through the introduction of higher-order elastic continua. Asymptotic homogenization techniques
provide an elegant and rigorous route to the evaluation of equivalent higher-order materials, but are often of difficult
and awkward practical implementation. On the other hand, identification techniques, though relying on simplifying
assumptions, are of straightforward use. A novel strategy for the identification of equivalent second-gradient Mindlin
solids is proposed in an attempt to combine the accuracy of asymptotic techniques with the simplicity of identification
approaches. Following the asymptotic homogenization scheme, the overall behaviour is defined via perturbation functions,
which (differently from the asymptotic scheme) are evaluated on a finite domain obtained as the periodic repetition of
cells and subject to quadratic displacement boundary conditions. As a consequence, the periodicity of the perturbation
function is satisfied only in an approximate sense, nevertheless results from the proposed identification algorithm are
shown to be reasonably accurate.
Keywords: Homogenization, higher-order continuum, size-effect, non-local elasticity, periodic materials.
1. Introduction
At a first-level of approximation, homogenization tech-
niques allow to represent a Cauchy elastic material, het-
erogeneous at the microscale, as a homogeneous equiva-
lent Cauchy elastic material at the macroscale. Although
of primary importance, the first-level approximation fails
to describe fine mechanical responses in which the het-
erogeneity at the microscale introduces size-dependency.
This dependency can be enforced by assuming that at the
macroscale the material behaves as a higher-order elastic
continuum, a constitutive model thoroughly considered by
G.A. Maugin [37, 39, 40, 41] to whom this article is ded-
icated (the reader is also referred to [32, 33, 44] for other
relevant contributions on micromorphic and higher-order
elastic continua).
In this way, the length scales of the higher-order con-
tinuum are not postulated, but determined through the
identification procedure, so that they become related to
the microstructural geometry of the heterogeneous Cauchy
material. The schemes proposed so far for attacking this
problem can be distinguished in three categories, namely,
asymptotic homogenization approaches [2, 3, 11, 15, 16,
17, 19, 20, 21, 25, 29, 42, 46, 50], variational asymptotic
schemes [9, 12, 13, 14, 47, 48, 49, 53] and several identifi-
cation techniques, including analytical [5, 6, 7, 10, 18, 38]
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and computational approaches [1, 8, 24, 26, 27, 28, 30, 34,
35, 36, 45, 51, 52, 54]. The asymptotic approaches are ele-
gant, rigorous and have been shown to yield very accurate
results, but they are complex and often of very difficult
implementation. On the other hand, identification tech-
niques are based on simplifying assumptions and therefore
are of easy implementation, but their accuracy is reduced
when compared to that of the asymptotic approaches.
In the present article a new identification procedure
is proposed in which the perturbation functions, intro-
duced in the asymptotic homogenization scheme, are nu-
merically evaluated on a finite domain, which is realized as
the periodic repetition of a rectangular cell and is subject
to imposed quadratic displacement at its external bound-
ary. In this procedure, the periodicity of the perturbation
function is satisfied only in an approximate sense so that
the proposed approach results easier to be implemented
than the asymptotic scheme. Although the simplifica-
tion introduces an approximation, results from the pro-
posed scheme are shown to nicely predict the behavior
of the heterogeneous material and to perform better than
other identification procedures (for instance the second-
order computational two-scales homogenization, which of-
ten predicts higher-order effects even in the homogeneous
material limit case).
Preprint submitted to Elsevier July 17, 2017
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2. Theoretical identification strategy
2.1. Formulation of the kinematics at the micro and macro
scales
A heterogeneous Cauchy material having a periodic mi-
crostructure is considered at the microscale. By restricting
the attention for the sake of simplicity to a planar prob-
lem, the periodic rectangular cell A (Fig.1, lower part) is
repeated within the plane to realize the finite domain L
occupied by the elastic solid (Fig.1, upper part),
A =
[
− 
2
,

2
]
×
[
−r 
2
, r

2
]
,
L =
[
−n1 
2
, n1

2
]
×
[
−rn2 
2
, rn2

2
]
.
(1)
The parameter  denotes the characteristic size of the pe-
riodic cell, while r rules its aspect ratio (r ∈ R+), and
n1 and n2 ∈ N define the repetition of the cell along the
Cartesian axes x1 and x2, respectively. Being v1 and v2
the periodicity vectors,
v1 = 
[
1
0
]
, v2 = r
[
0
1
]
, (2)
the microstructural elasticity tensor Cm,(x), with compo-
nents Cm,ijhk(x), satisfies the following periodicity property
Cm,pqst(x) = C
m,
pqst(x + iv1 + jv2), i, j ∈ Z,
∀x and x + iv1 + jv2 ∈ L.
(3)
Equilibrium for the heterogeneous Cauchy material in
the presence of body forces f(x) implies the following par-
tial differential equation for the micro-displacement field
u(x):
∂
∂xj
(
Cm,ijhk (x)
∂uh(x)
∂xk
)
+ fi (x) = 0, x ∈ L. (4)
The equilibrium equations are complemented by bound-
ary conditions applied over the boundary of L which are
considered as the following generic quadratic functions of
the coordinates x ∈ ∂L [5, 8, 27]:
uh (x) = ζh + αhpxp +
1
2
βhpqxpxq, h, p, q = 1, 2,
x ∈ ∂L,
(5)
where ζh, αhp, and βhpq are the components of the first,
second, and third-order tensors ζ, α, and β, respectively.
Note that ζ, as well as the skew-symmetric part of α, do
not affect the mechanical response of the composite since
they correspond to a rigid-body motion.
At the macroscale, an equivalent homogenous solid is
modeled as a second-gradient homogenous material [32,
44], which is characterized by the unknown fourth-, fifth-
, and sixth- order constitutive tensors Cijhk, Yijhks, and
Sijrhks, defined on the same domain L where the periodic
Figure 1: The periodic composite material (upper part) occupying
the finite domain L is obtained as the periodic repetition of the
rectangular cell A (lower part) along the axes x1 and x2 for n1
and n2 times, respectively. The rectangular cell A is defined by the
characteristic dimension  and the aspect ratio parameter r. The
phases composing the rectangular cell are modelled as Cauchy elastic
materials.
Cauchy material is defined. In the presence of the body
force f(x), the equilibrium for the equivalent material is
governed by the following partial differential equation for
the macro-displacement field U(x):
Sijrhks
∂4Uh(x)
∂xj∂xr∂xk∂xs
+ Yijhks
∂3Uh(x)
∂xj∂xk∂xs
−Cijhk
∂2Uh(x)
∂xj∂xk
− fi (x) = 0, x ∈ L.
(6)
Dirichlet boundary conditions (the same applied to the
heterogeneous material) are imposed, see Eq.(5), comple-
mented by Neumann boundary conditions, related to the
derivatives normal to the boundary [5]
Uh (x) = uh(x), x ∈ ∂L,
∂Uh (x)
∂xj
nj = (αhj + βhpjxp)nj , x ∈ ∂L.
(7)
The identification of the constitutive tensors of the second-
order homogenized material is a complex task. To simplify
this procedure, a homogenization approach is proposed
by assuming the following ansatz: the macro-displacement
field is a quadratic function of the position vector, namely,
Eq.(7)1 is analytically extended within the domain L:
Uh (x) = ζh + αhpxp +
1
2
βhpqxpxq, x ∈ L. (8)
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The accuracy of this assumption (which restricts the
field of the admissible solutions) will be tested against the
direct solution of the microscale problem in the benchmark
tests reported in Section 4. By inserting the quadratic
ansatz (8) into the equilibrium equations (6) under the
hypothesis of vanishing body-forces, fi = 0, the following
condition on the admissible subset of curvature parameters
βhkj is derived:
Cijhkβhkj = 0, (9)
which, without any loss of generality, for a centro-symmetric
microstructure it is equivalently expressed by
βhkh =
Ckkkk
Chhkk + Chkhk
βkkk − Chkhk
Chhkk + Chkhk
βkhh,
h, k not summed.
(10)
Based on the previous assumption, the kinematic field
solution of the macro-scale problem will assume the form
(8), subject to the constraint (9). The corresponding ex-
pressions of the macro-strain and second gradient of the
macro-displacement are:
Hip (x) =
∂Ui(x)
∂xp
= αip + βipqxq,
κipq (x) =
∂2Ui(x)
∂xp∂xq
= βipq.
(11)
2.2. Down-scaling and periodic perturbation functions
Introducing the microscopic (or fast) variable ξ = x/
[11, 17, 48], which defines the coordinate within the unit-
cell Q = [−1/2, 1/2]× [−r/2, r/2], the constitutive elastic
tensor of the heterogeneous solid is mapped as
Cm,ijhk (x) = C
m
ijhk
(
ξ =
x

)
. (12)
A substitution of the mapping (12) in the equilibrium
equation (4) defines the differential problem governing the
micro-displacement field u(x, ξ = x/).
Similarly to the standard asymptotic technique used
for periodic infinite materials subject to body-forces (with
periodicity larger than the cell size), the generic micro-field
v(x, ξ = x/) is asymptotically expressed in a power series
of the characteristic size parameter  [11, 17, 48]. The
terms of this series depend on the macro-spatial derivatives
of the macro-field V(x) and on the perturbation functions
N(n) (n = 1, 2, 3, . . . ). A truncation of the asymptotic
representation at the third power in , yields the down-
scaling relation
vh
(
x,
x

)
≈ Vh (x) + N (1)hst
(x

) ∂Vs(x)
∂xt
+2N
(2)
hqst
(x

) ∂2Vq(x)
∂xs∂xt
,
(13)
where N(1) and N(2) are the first- and second- order per-
turbation functions of the fast variable ξ = x/. Note that
in the case of large values of both n1 and n2 the pertur-
bation functions tend to be A-periodic.
A substitution of the representation V(x) = U(x),
v(x,x/) = u(x,x/) in Eq.(13), with U, Eqs.(8), sat-
isfying the constraint (9), yields the down-scaling relation
for the micro-displacement field u(x,x/) as
uh (x, ξ = x/) ≈
{
ζh +
[
δhsxt + N
(1)
hst (ξ)
]
αst
+
[
1
2
δhqxsxt + N
(1)
hqs (ξ)xt
+2N
(2)
hqst (ξ)
]
βqst
}∣∣∣
ξ=x/
,
(14)
where the parameters βqst, restricted to satisfy the kine-
matical constraint (10), are given by the linear relation
βqst = Mqstij β̂ij . (15)
In Eq.(15), β̂ij are the components of the second-order ten-
sor β̂, collecting the independent ‘curvature parameters’,
defined as
β̂ij = βijj , j not summed, (16)
while Mqstij are the components of the transformation
fifth-order tensor M, possessing the following non-null com-
ponents
M11111 = M22222 = M12212 = M21121 = 1,
M12122 = M11222 = − C2222
C1122 + C1212
,
M12121 = M11221 = M21212 = M22112 = − C1212
C1122 + C1212
,
M21211 = M22111 = − C1111
C1122 + C1212
.
(17)
Keeping into account Eq. (15), the down-scaling relation
(14) can be rewritten in terms of the independent param-
eters β̂ij as
uh (x, ξ = x/) ≈
{
ζh +
[
δhsxt + N
(1)
hst (ξ)
]
αst
+
[
1
2
Mhstijxsxt + N̂
(1)
htij (ξ)xt
+2N̂
(2)
hij (ξ)
]
β̂ij
}∣∣∣
ξ=x/
,
(18)
where the condensed perturbation functions N̂(1) and N̂(2)
are introduced, with components
N̂
(1)
htij (ξ) = N
(1)
hqs (ξ)Mqstij , (19a)
N̂
(2)
hij (ξ) = N
(2)
hqst (ξ)Mqstij . (19b)
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2.3. Equivalent constitutive parameters through energy match
Through the micro/macro scale-separation, the aver-
aged micro-scale strain energy Em can be expressed as
[11, 48, 53]
Em .=
∫
L
∫
Q
φm (x, ξ) dξ
 dx, (20)
where the strain energy density φm is given by
φm (x, ξ) =
1
2
Cmijhk(ξ)[∇ui(x, ξ)]j [∇uh(x, ξ)]k (21)
and the differential operator [∇ui(x, ξ)]j is defined in terms
of differentiation with respect of both the slow variable x
and the fast variable ξ as follows
[∇ui(x, ξ)]j = ∂ui
∂xj
+
1

∂ui
∂ξj
. (22)
The differential operator applied to the micro-displacement
field u, defined by Eq.(13), provides the following relation
[∇ui(x, ξ)]j =
(
δisδjt +
∂N
(1)
ist (ξ)
∂ξj
)
Hst(x)
+
(
N
(1)
iqs (ξ)δtj +
∂N
(2)
iqst(ξ)
∂ξj
)
κqst(x),
(23)
involving the macro-strain H(x) and the second-gradient
of macro-displacement κ(x), Eq.(11), the latter restricted
to self-equilibrated fields, Eq.(10), so that
κqst = Mqstij κ̂ij , (24)
where κ̂ij = κijj (j not summed).
Considering the relation (23), the energy density at the
micro-level (20) can be expressed as
φm (x, ξ) =
1
2
{Cijhk(ξ)Hij(x)Hhk(x)
+Yijhkl(ξ) [Hij(x)κhkl(x) + κijh(x)Hkl(x)]
+2Sijhklm(ξ)κijh(x)κklm(x)
}
,
(25)
where the components of the fourth-, fifth-, and sixth- or-
der tensors C, Y, S, can be expressed in terms of the elas-
ticity tensor at the micro-scale Cm and the perturbation
functions N(1) and N(2) as
Cijhk(ξ) = Cmpqst(ξ)
(
δipδjq +
∂N
(1)
pij (ξ)
∂ξq
)
×
(
δhsδkt +
∂N
(1)
shk(ξ)
∂ξk
)
,
Yijhkl(ξ) = Cmpqst(ξ)
(
δipδjq +
∂N
(1)
pij (ξ)
∂ξq
)
×
(
δltN
(1)
shk(ξ) +
∂N
(2)
shkl(ξ)
∂ξt
)
,
Sijhklm(ξ) = Cmpqst(ξ)
(
δhqN
(1)
pij (ξ) +
∂N
(2)
pijh(ξ)
∂ξq
)
×
(
δmtN
(1)
skl(ξ) +
∂N
(2)
sklm(ξ)
∂ξt
)
.
(26)
Recalling that the considered boundary conditions sat-
isfy the kinematical constraint (15), the energy density φm
(25) can be reduced to the following quadratic function of
the second-order tensors H and κ̂
φm (x, ξ) =
1
2
{Cijhk(ξ)Hij(x)Hhk(x)
+Ŷijhk(ξ) [Hij(x)κ̂hk(x) + κ̂ij(x)Hhk(x)]
+ 2Ŝijhk(ξ)κ̂ij(x)κ̂hk(x)
}
(27)
where the fourth-order tensors Ŷ and Ŝ have been intro-
duced, which represents the condensed representation for
the stiffness tensors of the equivalent higher-order mate-
rial. These tensors are related to the fifth- and sixth- order
tensors Y and S through the following relations
Ŷijhk(ξ) = Yijrst(ξ)Mrsthk,
Ŝijhk(ξ) = Slmnrst(ξ)MlmnijMrsthk,
(28)
so that Eqs.(19a) and (19b) yield
Ŷijhk(ξ) = Cmpqst(ξ)
(
δipδjq +
∂N
(1)
pij (ξ)
∂ξq
)
×
(
N̂
(1)
sthk(ξ) +
∂N̂
(2)
shk(ξ)
∂ξt
)
,
Ŝijhk(ξ) = Cmpqst(ξ)
(
N̂
(1)
pqij(ξ) +
∂N̂
(2)
pij (ξ)
∂ξq
)
×
(
N̂
(1)
sthk(ξ) +
∂N̂
(2)
shk(ξ)
∂ξt
)
.
(29)
With reference to the subset of curvature parameters
κ̂ij imposed through the kinematical constraint (10), the
energy EM stored in the equivalent second-gradient homo-
4
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geneous material is
EM =
∫
L
φM (x)dx (30)
where the strain energy density at the macro-level is de-
fined as
φM (x) =
1
2
[
CijhkHijHhk + Ŷijhk (Hij κ̂hk + κ̂ijHhk)
+Ŝijhkκ̂ij κ̂hk
]
,
(31)
being C, Ŷ, and Ŝ the fourth-order constitutive tensors.
Note that in the stored energy, the condensed stiffnesses
Ŷ and Ŝ are present as a consequence of the kinematical
assumption (10), and have reduced orders with respect to
the stiffness tensors Y and S.
A comparison between the energy stored in the equiv-
alent material, Eq.(30), and that stored in the heteroge-
neous material, Eq.(25), leads to the following equivalent
stiffness for the (condensed) equivalent second-gradient ho-
mogeneous material
Cijhk =
∫
Q
Cijhk(ξ)dξ,
Ŷijhk = 
∫
Q
Ŷijhk(ξ)dξ,
Ŝijhk = 
2
∫
Q
Ŝijhk(ξ)dξ.
(32)
The obtained equivalent condensed constitutive tensors
(32) depend only on the geometrical and mechanical prop-
erties through the elasticity tensor Cm(ξ), which defines
the periodic heterogeneous material, and on the pertur-
bation functions N(1) (ξ) and N̂
(2)
(ξ) (obtained from the
unit cell problem) and N̂
(1)
(ξ), Eq.(19a). It is worth re-
marking that the present homogenization scheme implies
that the following properties (not always satisfied in other
homogenization procedures) for the tensors Ŷ and Ŝ hold
true:
• a centro-symmetric microstructure provides a null
condensed tensor Ŷ = 0;
• in the limit when the microstructure disappears and
the material becomes homogeneous, the condensed
tensors vanish, Ŷ = Ŝ = 0, due to the annihilation
of the perturbation functions N(1) = N̂(2) = 0;
• a positive definite condensed tensor Ŝ is always achieved.
Once the equivalent condensed tensors Ŷijrs and Ŝpqrs
are determined, these can be exploited to define a class of
effective second displacement gradient materials, through
the following linear transformations
Yijhkl = QhklrsŶijrs + ∆Yijhkl,
Sijhklm = QijhpqQklmrsŜpqrs + ∆Sijhklm.
(33)
Equivalence between the strain energy for the effective ma-
terial and its ‘condensed version’ (31) implies
YijhklHijMhklpqκ̂pq = ŶijhkHij κ̂hk,
SijhklmMijhpqMklmrsκ̂pqκ̂rs = Ŝijhkκ̂ij κ̂hk,
∀Hij , κ̂ij ,
(34)
so that the components of the tensor Q satisfy
MijhrsQijhpq = δprδqs, (35)
and the components of the tensors ∆Y and ∆S satisfy
∆YijhklMklmrsκ̂rs = 0,
∆SijhklmMklmrsκ̂rs = 0,
∀κ̂rs. (36)
It is evident that more than one triplet of tensors Q,
∆Y and ∆S may satisfy the linear equations (35) and
(36) so that, not one but, a class of pairs of effective non-
condensed tensors gradient materials Ŷ and Ŝ is found
through the present homogenization scheme. More specifi-
cally, the components of the tensors ∆Y and ∆S satisfying
Eq.(36) are given by the following relations
∆Yijhkl = LhklrstAijrst,
∆Sijhklm = LijhpqrLklmstuBpqrstu,
(37)
where Aijrst and Bpqrstu remain undetermined from the
present homogenization scheme, while
Lijhpqr = δipδjqδhr −MijhklRklstMpqrst. (38)
In Eq.(38), the components Rijhk are defined by the condi-
tion (solvable whenever the elasticity tensor C is positive
definite)
RijhkMrsthkMrstlm = δilδjm, (39)
and satisfy the symmetry property Rijhk = Rhkij , being
its inverse a symmetric fourth-order tensor
R−1ijhk = MlmnijMlmnhk. (40)
The ‘choice’ of the tensor Q defines how the compo-
nents of Ŷ and Ŝ are mapped into the components of Y
and S. Among the infinite possibilities, the simple case
where the obtained quantities correspond to a subset of
the components of the non-condensed material is consid-
ered in the following. This is provided by the tensor Q
with components
Q∗ijhpq = δipδ
(q)
jh , (41)
5
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where δ
(q)
jh is the three-index Kronecker delta defined as
δ
(q)
jh =
{
1, if q = j = h,
0, otherwise.
(42)
Another possible choice for the tensor Q (not considered
in the following) corresponds to the minimization of the
Frobenius norm of the tensors defining the equivalent non-
condensed material and is represented by the tensor Q of
components
Q∗∗ijhpq = MijhklRklpq. (43)
In any case, the properties of the condensed tensors Ŷ
and Ŝ imply in general that:
• when a centro-symmetric microstructure is consid-
ered, a null tensor ∆Y = 0 has to be enforced in or-
der to guarantee a centro-symmetric response, Y =
0;
• in the limit when the microstructure disappears and
the material becomes homogeneous, the delta tensors
have to be enforced to vanish as well, Ŷ = 0 and Ŝ =
0, in order to turn back to the Cauchy behaviour,
Y = S = 0;
• a positive semi-definite higher-order behaviour is achieved
whenever ∆S = 0 is considered. Positive semi-definiteness
may be turned into positive definiteness provided
specific choices of ∆S 6= 0 are introduced, even small
in modulus.
With respect to the last property, it is worth to remark
that the tensor Q maps the four positive eigenvalues of
the condensed tensor Ŝ into four positive eigenvalues of the
(non-condensed) tensor S. The remaining two eigenvalues
of the tensor S are strictly related to the choice of the
tensor ∆S.
2.4. A technique for the evaluation of the perturbation func-
tions
The calculation of the perturbation functions N(1) (x/)
and N̂
(2)
(x/) is the key step in the analytical evaluation
of the effective tensors. To perform this calculation, the
quadratic displacement field, Eq.(5), constrained by the
equilibrium condition Eq.(9), is used as a boundary condi-
tion for the heterogeneous material (defined on the finite
domain L). The micro-displacement field u (x), solution
of the elastic problem, can be expressed as
uh (x) = u
α
hst (x)αst + u
β
hij (x) β̂ij , (44)
where uα (x) and uβ (x) are respectively the second- and
third- order tensors, functions of the components of the
tensors α and β, defining the imposed displacement bound-
ary condition (5).
Restricting the attention to the unit central cell A, a
comparison between equation (44) and the asymptotic ex-
pansion equation (18) leads to the following identification
of the perturbation functions
N
(1)
hst
(x

)
= uαhst(x)− δhsxt, (45a)
2N̂
(2)
hij
(x

)
= uβhij (x) +
[
1
2
δhqxsxt − uαhqs (x)xt
]
Mqstij ,
(45b)
two equations disclosing that N(1) is independent of the
transformation tensor M.
Due to boundary layer effects, the obtained perturba-
tion functions results to be only approximately periodic.
However, it is expected that the periodicity of these func-
tions is asymptotically recovered at increasing the repeti-
tion of the unit cell along both directions, which is to say,
at large values of n1 and n2. In fact, it will be shown in
Section 4 that periodicity is recovered with good approxi-
mation even for small repetitions of the unit cell.
3. Algorithms for the implementation of the finite
element-based identification procedure
In order to perform the identification of the first- and
second- order homogenized coefficients of the elastic con-
stitutive tensors, the finite element method is exploited for
solving the partial differential equations of elastic equilib-
rium for the heterogeneous material with any given period
microstructure. Although the theoretical framework pre-
sented in the previous section is general and can be applied
to two-dimensional or three-dimensional problems, the at-
tention will be restricted for simplicity to plane stress or
plane strain cases. Hence, considering a linear elastic body
occupying the finite domain L ∈ R2 chosen to be suffi-
ciently large as compared to the elementary periodic cell,
the standard isoparametric finite element discretization of
the continuum has to be applied in order to move from
the strong form of the governing equations to the corre-
sponding weak form. Regarding the finite element topol-
ogy, quadrilateral 8-nodes finite elements with quadratic
shape functions are considered to provide a satisfactory
approximation for the gradient of the perturbation func-
tions which is required in the identification procedure. The
same methodology applies to triangular quadratic finite el-
ements. Numerical integration of the stiffness matrix and
the force vector is performed using a 3×3 Gaussian quadra-
ture formula, as usual.
Although the finite domain L is periodic in the v1 and
v2 directions, the analysis is not now restricted to a sin-
gle cell with periodic boundary conditions as is usually
done in first-order computational homogenization schemes
[4, 8, 22, 23, 27, 31, 43, 55]. More specifically, in classi-
cal computational homogenization techniques, the micro-
displacement field is expressed as the superposition of an
6
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unknown micro-displacement fluctuation field to a macro-
scopic displacement field providing macro-strains assumed
to be expressed by a polynomial. The unknown micro-
displacement fluctuation field is obtained through the so-
lution of homogeneous cell problems with vanishing body
forces and prescribed periodic boundary conditions. In
most of the second-order homogenization methods, the
fluctuation field is assumed periodic and not all the second-
order strain components can be controlled by such inhomo-
geneous periodic boundary conditions. To overcome such
a problem, non-periodic and generalized periodic bound-
ary conditions for second-order homogenization have been
introduced [8, 27]. However, although the continuity of the
macroscopic strain field is preserved in this case, the dif-
ferentiability is in general not yet fully achieved, as further
remarked in [8, 11].
Differently, the formulation proposed in this article (based
on perturbation functions approaching periodicity and suf-
ficient regularity at the boundary of the periodic cell by
increasing the size of the cluster of cells) leads to differen-
tiable macroscopic strain field. In this way, the obtained
overall elastic tensors which become independent of the
choice of the periodic cell. Therefore, the whole finite do-
main is modelled and a set of linear elastic problems char-
acterized by different boundary conditions is solved. Such
boundary conditions are given by Eq.(5), which combined
with the kinematical constraint equation (15), and neglect-
ing rigid-body motions (ζh = 0 and α12 = α21), become
uh(x) = αhpxp +
1
2
Mhpqij β̂ijxpxq, x ∈ ∂L,
with α12 = α21.
(46)
In particular, two classes of problems have to be solved.
First, linear displacement boundary conditions are speci-
fied by considering the linear term of Eq.(46). This leads to
three distinct boundary value problems P
(1)
k (k = 1, 2, 3)
with the following boundary conditions:
P
(1)
1 :
{
u1 = α11x1,
u2 = 0,
(47a)
P
(1)
2 :
{
u1 = 0,
u2 = α22x2,
(47b)
P
(1)
3 :
{
u1 = α12x2,
u2 = α12x1.
(47c)
Due to the linearity in the mechanical response, any value
of the parameters α11, α12, and α22 can be prescribed
without affecting the computation of the perturbation func-
tion.
The solution of the above three boundary value prob-
lems leads to the displacement fields uαrhp(x)αhp (r = 1, 2),
representing the first term of Eq.(44). From the computed
displacements of the finite elements belonging to the cen-
tral cell A of the domain L, the perturbation functions
N
(1)
rhp are determined as per Eq.(45a). This operation is
performed through a record of the displacements evalu-
ated at the Gauss points for each finite element of the cell
A in an output file, ready for a post-processing operation.
After solving the set of boundary value problems P
(1)
k
(k = 1, 2, 3), another set of boundary value problems P
(2)
k
(k = 1, ..., 4) described by the following quadratic displace-
ment boundary conditions is considered and solved:
P
(2)
1 :

u1 =
1
2
M11111β̂11x
2
1,
u2 =
1
2
(M21211 +M22111) β̂11x1x2,
(48a)
P
(2)
2 :

u1 =
1
2
(M11222 +M12122) β̂22x1x2,
u2 =
1
2
M22222β̂22x
2
2,
(48b)
P
(2)
3 :

u1 =
1
2
M12212β̂12x
2
2,
u2 =
1
2
(M21212 +M22112) β̂12x1x2,
(48c)
P
(2)
4 :

u1 =
1
2
(M11221 +M12121) β̂21x1x2,
u2 =
1
2
M21121β̂21x
2
1.
(48d)
The solution of the above four boundary value prob-
lems leads to the displacement fields uβrij(x)β̂ij (r = 1, 2)
which represent the second term of Eq.(44), so that as done
previously for the three boundary value problems, from
the computed displacements of the finite elements belong-
ing to the central cell A of the domain L, the perturba-
tion functions N̂
(2)
rhp are determined as per Eq.(19b), which
does depend also on the displacement field solutions of the
above P
(1)
h boundary value problems with linear boundary
conditions. Again, the computation is performed at each
Gauss point level.
Once the perturbation functions N(1) and N̂(2) are de-
termined, the six independent components Cijhk(ξ) are
computed for each Gauss point as functions of the micro-
scopical constitutive elastic tensor and of the microscopic
gradients of the perturbation function N(1) at the same
point, as per Eq.(26)1. The computation of the micro-
scopic gradients of the perturbation function N(1) requires
the determination of the partial derivatives of the micro-
scopic displacement field components uαrhp (r = 1, 2) with
respect to the ξq (q = 1, 2) directions. For their accurate
evaluation, it is preferable not to apply finite difference for-
mulae to the computed displacements as a post-processing
operation, but rather to compute them in the finite ele-
ment routine via the partial derivatives of the shape ele-
ment functions, which are not vanishing for quadratic fi-
nite elements. In formulae, the partial derivatives of the
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microscopic displacement field components read:
∂uαrhp
∂xq
=
nen∑
i=1
∂Ni
∂xq
uαhrp, (49)
where Ni(s1, s2) (i = 1, ..., nen, with nen the number of
element nodes) is the standard finite element shape func-
tion dependent on the natural coordinates s1 and s2. For
a 8-node quadrilateral finite element, nen = 8, −1 ≤
{s1, s2} ≤ +1 and the derivatives ∂Ni/∂xq have to be
computed from the derivatives of the shape functions with
respect to the natural coordinates s1 and s2, pre-multiplied
by the inverse of the Jacobian matrix related to the trans-
formation (x1, x2) → (s1, s2). Therefore, in conclusion,
the microscopic gradients of the perturbation functions
N(1) are given as:
∂N
(1)
rhp
∂ξq
=
(
∂uαrhp
∂xq
− δrhδpq
)
. (50)
Next, the components Ŷijhk and Ŝijhk are determined
at the Gauss point level according to Eqs.(29). This re-
quires the evaluation of the perturbation functions N̂
(1)
htij =
N
(1)
hqsMqstij and the partial derivatives of N̂
(2) with respect
to ξt (t = 1, 2). The latter operation is performed in the
post-processing routine as:
∂N̂
(2)
hij
∂ξt
=
1

[
∂uβhij
∂xt
+
(
1
2
δhqδstxr +
1
2
δhqδtrxs
−∂u
α
hqs
∂xt
xr − uαhqsδrt
)
Mqsrij
]
.
(51)
Finally, the components of the overall constitutive ten-
sors are determined according to Eq.(32). This is accom-
plished by a post-processing operation involving the nu-
merical integration of the corresponding quantities over
all the finite elements belonging to the central cell A of
the cell-cluster L:
Cijhk =
1
2
nfe∑
e=1
ngp∑
g=1
Cijhk(ξg) det Jgwgpg, (52a)
Ŷijhk =
1

nfe∑
e=1
ngp∑
g=1
Yijhk(ξg) det Jgwgpg, (52b)
Ŝijhk =
nfe∑
e=1
ngp∑
g=1
Sijhk(ξg) det Jgwgpg, (52c)
where g is the Gauss point number ranging from 1 to
ngp = 9 for a 8-node quadrilateral finite element, wgpg
is the integration weight, det Jg is the determinant of the
Jacobian matrix evaluated in the g−th Gauss point, and
nfe denotes the total number of finite elements belonging
to the unit cell Q.
The overall constitutive tensors of the second-order
continuum are finally determined according to Eq.(33),
together with the first of Eq.(32) and the choice for the
tensor Q = Q∗ provided by Eq.(41).
4. Numerical examples
The proposed identification method is implemented and
validated for two exemplary periodic micro-structures with
different inclusion shape, namely, circular or quadrilateral,
Fig. 2. In the latter case, different aspect ratios for the
inclusion are examined, passing from square to rectangu-
lar inclusions. In all the presented cases, the boundary of
the cell is a square with size  (so that r = 1) and the
two phases are modelled as linear elastic isotropic Cauchy
material. In order to achieve reliable results from the pre-
sented algorithm, a preliminary analysis has to be con-
ducted to determine the minimum size of the cluster of
cells such that the perturbation functions for its central
cell do not significantly vary by increasing the domain size.
For its quantitative assessment, the maximum among the
quadratic norms of the relative error for each perturbation
function corresponding to two different domain sizes has
been used as a control parameter. The performed com-
putations have shown that clusters made up of 11 × 11
cells (n1 = n2 = 11) represent an excellent trade-off be-
tween accuracy and computation time for the solution of
the linear elastic micro-scale heterogenous problem.
Figure 2: Two Cauchy composite materials obtained as the peri-
odic repetition of square unit cells, containing a circular (left) or a
quadrilateral (right) inclusion within the matrix.
4.1. Periodic cell containing a circular inclusion
A composite material with a periodic distribution of
circular inclusions within a matrix is considered under
plane strain conditions. The material is obtained as the
repetition of a periodic square cell with side , Fig. 2 (left).
The isotropic matrix (characterized by Young’s modulus
Em = 60 GPa and Poisson ratio νm = 0.3) contains soft
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isotropic inclusions (Ei = 3/17Em, νi = 0.18) for a volu-
metric content f = 0.175.
The application of the proposed approach to homog-
enization (Sec. 2) and algorithm (Sec. 3) leads to the
definition of the perturbation function N(1) which, due to
the problem symmetry, has only three independent compo-
nents N111, N211, and N211, functions of the fast variable
ξ = x/, see Fig.3. It can be noted that the perturbation
functions are found to be approximately Q-periodic and
regular on the border of the periodic cell, confirming the
theoretical expectation. Once the perturbation function
(a) N
(1)
111
(b) N
(1)
211
(c) N
(1)
212
Figure 3: Components of the perturbation function N(1) vs. ξ1 =
x1/ and ξ2 = x2/ for the circular inclusion problem.
N(1) is determined, the local overall elastic constitutive
tensor C can be computed, which results to possess cubic
symmetry and the following non vanishing components
C1111 = C2222 = 5.75× 104 MPa,
C1122 = C2211 = 2.15× 104 MPa,
C1212 = 1.68× 104 MPa.
(53)
The perturbation function N̂(2) is determined using C
and N(1) according to the procedure detailed in Sec. 3
and, similarly to the perturbation function N(1), it can be
noted from a selection of the components of N̂(2) shown
in Fig.4 to be approximately periodic and regular on the
boundary of the periodic cell.
Finally, the condensed nonlocal overall elastic constitu-
tive tensors Ŷ and Ŝ are determined. Due to the centro-
symmetry of the considered cell geometry, the coupling
tensor vanishes, Ŷ = 0, while the Ŝ tensor has the follow-
ing non vanishing components:
Ŝ1111/
2 = Ŝ2222/
2 = 900.0 MPa,
Ŝ1212/
2 = Ŝ2121/
2 = 54.2 MPa,
Ŝ1112/
2 = −Ŝ2221/2 = 25.4 MPa,
(54)
and its eigenvalues are given by σ̂1/
2 = σ̂2/
2 = 904.8
MPa and σ̂3/
2 = σ̂4/
2 = 53.4 MPa, so that the nonlo-
cal overall elastic constitutive tensor Ŝ is positive definite.
Moreover, the constitutive higher-order response is also
characterized by cubic symmetry.
Considering the obtained condensed tensors Ŷ and Ŝ,
the nonlocal overall elastic constitutive tensors Y and S
can be evaluated from Eq. (33), once the structure for
the fifth-order tensor Q is specified together with that
for ∆Y and ∆S. Restricting the attention to the case
∆Y = ∆S = 0, and Q = Q∗, Eq.(41), the coupling ten-
sor vanishes, Y = 0, while the S tensor has the following
non-null components
S111111/
2 = S222222/
2 = 900.0 MPa,
S122122/
2 = S211211/
2 = 54.2 MPa,
S111122/
2 = −S222211/2 = 25.4 MPa.
(55)
To assess the validity of the obtained effective non lo-
cal models, the mechanical response of the heterogenous
Cauchy material, obtained through finite element simula-
tions, is compared with that of the homogenized second-
order continuum for two benchmark boundary value prob-
lems. The two boundary value problems correspond to
the cases of periodic body-forces and of simple shear, for
which the response of the homogenized second-order ma-
terial is one-dimensional and described by an analytical
closed form solution.
First benchmark test. An infinite periodic composite is
subject to a L−periodic body force defined as a sinusoidal
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(a) N̂
(2)
111
(b) N̂
(2)
112
(c) N̂
(2)
211
(d) N̂
(2)
212
Figure 4: A selection of the components of the perturbation func-
tion N̂(2) vs. ξ1 = x1/ and ξ2 = x2/ for the circular inclusion
problem.
force acting only parallel to the x1-axis
f1(x2) = Ξ sin
(
2pix2
L
)
, f2 = 0, (56)
where Ξ represents the body-force amplitude while L is the
distance measuring the half of the body-force periodicity.
Under this loading condition, the solution for the macro-
displacement is given by
U1(x2) =
(
L
2pi
)2 Ξ sin(2pix2
L
)
C1212
[
1 +
(
2pi
λsh1
L
)2] , (57)
where the characteristic lengthscale λsh1 in shear has been
introduced in the form
λsh1 =
√
S122122
C1212
. (58)
Assuming that the periodicity of the body force equals n2
times the characteristic size  of the periodic cell (L = n2),
the response of the heterogenous material was simulated
by imposing standard periodic boundary conditions to a
layer made up of a stack of n2 square cells aligned par-
allel to the x2-axis. The macroscopic displacement and
displacement gradient related to the solution of the mi-
croscopic problem are finally computed according to the
up-scaling relations evaluated through an average (over
the microscopic variable ξ) of the corresponding micro-
scopic fields defined over the periodic cell (for details on
up-scaling relations see [8, 11, 48]. With reference to the
considered cell-cluster (n2 = 11), the characteristic shear
length (58) results to be
λsh1 = 0.057, (59)
so that the comparison between the two responses is re-
ported in Fig.5 (upper part) in terms of the gradient of the
macro-displacement component H12 (made dimensionless
through multiplication by 2piC1212/(ΞL)). An excellent
agreement is shown between the analytical solution for the
second-order continuum based on the identified homoge-
nized elastic parameters (continuous red line) and the cor-
responding response of the heterogenous problem obtained
through finite element simulation (diamond spots).
Second benchmark test. An infinite layer made up of a
stack of rectangular cells, with height L = n2, aligned
parallel to the x1-axis is subject to a simple shear displace-
ment, corresponding to the following boundary conditions
U1(x2 = L) = U,
U1(x2 = 0) = U2(x2 = 0) = U2(x2 = L) = 0,
(60)
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Figure 5: Comparison between the analytical solution for the
second-order homogenized continuum based on the identified elastic
parameters (red lines) and the finite element prediction (diamond
spots) for the heterogenous problem: first benchmark (upper part)
and second benchmark (lower part) tests.
and null body forces. The numerical results obtained for
the considered heterogeneous material are compared with
the analytical prediction for the effective higher-order ma-
terial when the boundary conditions are complemented by
U1,1(x2 = 0) = U1,1(x2 = L) = 0. (61)
The analytical solution for the displacement field in the
homogeneous higher-order material is given by
U1(x2) = U
{[
1− cosh
(
L
λsh1
)][
1− cosh
(
x2
λsh1
)]
+ sinh
(
L
λsh1
)[
x2
λsh1
− sinh
(
x2
λsh1
)]}
×
{
2
[
1− cosh
(
L
λsh1
)]
+
L
λsh1
sinh
(
L
λsh1
)}−1
.
(62)
The resultant shear stress defined for higher-order materi-
als [32, 44]
T12 = C1212U1,2 − S122122U1,222, (63)
is provided by the analytical solution as
T12 = KC1212
U
L
, (64)
where K represents an amplification stress factor due to
the presence of the non locality and is given by
K =
1
1− 2λ
sh
1
L
tanh
(
L
2λsh1
) ≥ 1. (65)
The comparison between the responses of the effective
higher-order model and of the heterogenous material is
shown in Fig.5 (lower part) in terms of the macro-rotation
Ω21 = (U2,1−U1,2)/2 multiplied by the factor 2L/U . The
continuous red line (analytical solution for the second-
order continuum based on the identified homogenized elas-
tic parameters) is in excellent agreement with the diamond
spots (which represent the finite element predictions for
the heterogenous problem), thus confirming once more the
accuracy of the proposed model.
4.2. Periodic cell containing a quadrilateral inclusion
A composite material with square unit cell containing
a quadrilateral inclusion is considered under plane stress
conditions. The matrix is assumed to be made up of an
isotropic linear elastic material (Em = 100 GPa, νm = 0.3)
containing an isotropic linear elastic inclusion, much softer
than the matrix (Ei = Em/1000 and νi = 0.3). Different
values of the volumetric fraction f are examined, exploring
the range from f = 0 to f = 0.48, within which the aspect
ratio of the inclusion varies, Fig. 6. For f ranging between
0 and 0.25, the inclusion is assumed to have a squared
shape and its side is varied from 0 to /2. For f ranging
between 0.25 and 0.48, the inclusion shape is modified into
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a rectangle by keeping one side constant and equal to /2,
while the other side parallel is increased up to 0.96.
Figure 6: Shape of the quadrilateral inclusion at varying the volume
content f assumed in the numerical examples.
The application of the proposed theory and the algo-
rithm detailed in Sec. 3 is repeated here as for the previous
example to determine the perturbation function N(1). A
selection of the obtained perturbation functions, namely
N
(1)
111, N
(1)
112, N
(1)
122 and N
(1)
222, are shown in Fig.7 for the case
f = 0.4 where the largest side of the rectangular soft inclu-
sion is parallel to the x1 axis. It has to be remarked that
the perturbation functions are approximately Q−periodic
and regular on the border of the periodic cell, confirming
the theoretical expectation.
Once the perturbation function N(1) is determined, the
local overall elastic constitutive tensor C can be computed.
For the case f = 0.4 where the largest side of the rect-
angular soft inclusion is parallel to the x1 axis, the non
vanishing components of C are
C1111 = 5.17× 104 MPa,
C2222 = 2.49× 104 MPa,
C1122 = C2211 = 4.55× 103 MPa,
C1212 = 2.41× 103 MPa,
(66)
so that orthotropic symmetry emerges in the local effective
response.
At this stage, the perturbation function N(2) is deter-
mined using C and N(1) and according to the procedure
detailed in the previous section. Again, the perturbation
function N(2) is approximately periodic and regular on the
edges of the periodic cell, as it can be seen from a selection
of the components shown in Fig.8 for the case f = 0.4 and
the considered orientation of the rectangular inclusion.
The condensed nonlocal overall elastic constitutive ten-
sors Ŷ and Ŝ are determined. For the considered geometry,
the condensed tensor Ŝ has the following non-null compo-
(a) N
(1)
111
(b) N
(1)
112
(c) N
(1)
122
(d) N
(1)
222
Figure 7: Components of the perturbation function N(1) for the
rectangular inclusion problem when f = 0.4.
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(a) N
(2)
1111
(b) N
(2)
1122
(c) N
(2)
2211
Figure 8: A selection of the components of the perturbation func-
tion N(2) for the rectangular inclusion problem when f = 0.4.
nents
Ŝ1111/
2 = 1.4× 104 MPa,
Ŝ2222/
2 = 1.5× 104 MPa,
Ŝ1212/
2 = 54.6 MPa,
Ŝ2121/
2 = 4.9× 102 MPa,
Ŝ1112/
2 = −7.0× 102 MPa,
Ŝ2221/
2 = −1.4× 103 MPa,
while the coupling tensor vanishes, Ŷ = 0, because of
centro-symmetric properties of the unit cell. Assuming
∆Y = ∆S = 0 and Q = Q∗, Eq.(41), the coupling tensor
is null, Y = 0, while tensor S has the following non-null
components
S111111/
2 = 1.4× 104 MPa,
S222222/
2 = 1.5× 104 MPa,
S122122/
2 = 54.6 MPa,
S211211/
2 = 4.9× 102 MPa,
S111122/
2 = −7.0× 102 MPa,
S222211/
2 = −1.4× 103 MPa.
Benchmark tests. The effectiveness of the obtained equiv-
alent properties is assessed by comparing the mechanical
response of the higher-order material with that of (i.) the
heterogeneous material (predicted through finite element
simulations). The comparison is also extended to the pre-
dictions obtained by applying (ii.) the second-order com-
putational two-scale homogenization model (based on the
well-known ‘FE2 method’ [27, 24, 30, 35, 36, 52]) for the
estimation of the overall constitutive tensors and (iii.) the
second-order asymptotic homogenization method consid-
ering the simplifying assumption of a quadratic macro-
scopic displacement field (see [8, 11]). Simple shear load-
ing condition (as described in the previous subsection) is
considered as a benchmark test. The comparison in terms
of the parameter K, Eq.(65), for the different homogeniza-
tion schemes is graphically shown in Fig.9 for two orthogo-
nal orientations of the quadrilateral inclusion defining the
composite material. In particular, the two orientations
correspond to the shortest (Fig.9, upper part) and longest
(Fig.9, lower part) side of the quadrilateral inclusion paral-
lel to the simple shear direction, x1–axis. The prediction
(red solid line) of the presented model is in good agree-
ment with the heterogenous finite element solution (blue
solid line) and the asymptotic homogenization prediction
(orange spots). The prediction of the method based on
the FE2 approach (green solid line), on the other hand, is
less accurate than the other methods.
5. Conclusions
An identification scheme has been proposed for higher-
order elastic material equivalent to a heterogeneous (peri-
odic) Cauchy elastic composite. The scheme is based on
results from asymptotic homogenization, but is simple in
the implementation. Results have been shown to provide
a reasonably good accuracy in the description of the ho-
mogenized response of the composite material.
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